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Weaving Hilbert Space Fusion Frames
Fahimeh Arabyani Neyshaburi and Ali Akbar Arefijamaal
Abstract. A new notion in frame theory, so called weaving frames has
been recently introduced to deal with some problems in signal process-
ing and wireless sensor networks. Also, fusion frames are an important
extension of frames, used in many areas especially for wireless sensor
networks. In this paper, we survey the notion of weaving Hilbert space
fusion frames. This concept can be had potential applications in wire-
less sensor networks which require distributed processing using different
fusion frames. Indeed, we present several approaches for identifying and
constructing of weaving fusion frames in terms of local frames, bounded
operators in Hilbert spaces and also dual fusion frames. To this end, we
present some conditions under which a fusion frame with its duals con-
stitute some pair of woven fusion frames. As a result, we show that Riesz
fusion bases are woven with all of their duals. Finally, we obtain some
new results on fusion frames and weaving fusion frames under operator
perturbations.
Mathematics Subject Classification (2010). 42C15.
Keywords. Hilbert space frames, fusion frames, woven fusion frames,
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1. Introduction and preliminaries
Fusion frame theory is a fundamental mathematical theory introduced in [6]
to model sensor networks perfectly. Although, recent studies shows that fusion
frames provide effective frameworks not only for modeling of sensor networks
but also for signal and image processing, sampling theory, filter banks and a
variety of applications that cannot be modeled by discrete frames [7, 16, 18].
In the following, we review basic definitions and results of fusion frames.
Let {Wi}i∈I be a family of closed subspaces of H and {ωi}i∈I a family
of weights, i.e. ωi > 0, i ∈ I. Then W := {(Wi, ωi)}i∈I is called a fusion
frame for H if there exist the constants 0 < CW ≤ DW <∞ such that
CW ‖f‖
2 ≤
∑
i∈I
ω2i ‖piWif‖
2 ≤ DW ‖f‖
2, (f ∈ H), (1.1)
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where piWi denotes the orthogonal projection from Hilbert space H onto a
closed subspace Wi. The constants CW and DW are called the fusion frame
bounds. If W is a fusion frame for span{Wi}i∈I then W is called a fusion
frame sequence and if ωi = 1, for all i, W is called 1-uniform fusion frame
and we denote it by {Wi}i∈I . Also, if we only have the upper bound in (1.1)
we call {(Wi, ωi)}i∈I a Bessel fusion sequence. A family of closed subspaces
{Wi}i∈I is called an orthonormal basis for H when ⊕i∈IWi = H, and it is
called a fusion Riesz sequence whenever there exist positive constants CW ,
DW such that for every finite subset J ⊂ I and arbitrary vector fi ∈Wi, we
have
CW
∑
i∈J
‖fi‖
2 ≤ ‖
∑
i∈J
fi‖
2 ≤ DW
∑
i∈J
‖fi‖
2,
moreover, if W is a complete family in H it is called a fusion Riesz basis.
It is clear that every orthonormal basis of subspaces and also every fusion
Riesz basis is a 1-uniform fusion frame for H. Recall that for each sequence
{Wi}i∈I of closed subspaces in H, the space
∑
i∈I
⊕Wi =
{
{fi}i∈I : fi ∈ Wi,
∑
i∈I
‖fi‖
2 <∞
}
,
with the inner product 〈{fi}i∈I , {gi}i∈I〉 =
∑
i∈I〈fi, gi〉 is a Hilbert space.
For a Bessel fusion sequence W := {(Wi, ωi)}i∈I of H, the synthesis
operator TW :
∑
i∈I ⊕Wi → H is defined by
TW ({fi}i∈I) =
∑
i∈I
ωifi,
(
{fi}i∈I ∈
∑
i∈I
⊕Wi
)
.
Its adjoint operator T ∗W : H →
∑
i∈I ⊕Wi, which is called the analysis oper-
ator, is given by
T ∗W (f) = {ωipiWi(f)}i∈I , (f ∈ H).
and the fusion frame operator SW : H → H is defined by SW f =
∑
i∈I ω
2
i piWif ,
which is a bounded, invertible and positive operator [6]. For each i ∈ I, let
Wi be a closed subspace of H and ωi > 0. Also, let {fi,j}j∈Ji be a frame for
Wi with frame bounds αi and βi such that
0 < α = infi∈Iαi ≤ β = supi∈Iβi <∞. (1.2)
For every fusion frame as {(Wi, ωi)}i∈I , there exist frames {fi,j}j∈Ji for Wi,
so that satisfies (1.2). These frames are called the local frames of {(Wi, ωi)}i∈I
and it is well known that {(Wi, ωi)}i∈I is a fusion frame if and only if
{ωifi,j}j∈Ji,i∈I is a frame for H, see Theorem 3.2 of [6].
First definition of dual fusion frames was presented by P. Ga˘vrut¸a in
[13]. A Bessel fusion sequence {(Vi, νi)}i∈I is called a dual fusion frame of
W = {(Wi, ωi)}i∈I if
f =
∑
i∈I
ωiνipiViS
−1
W piWif, (f ∈ H). (1.3)
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The family {(S−1W Wi, ωi)}i∈I , which is a dual fusion frame of W , is called
the canonical dual of {(Wi, ωi)}i∈I . Since the explicit computations of dual
fusion frames is intricate, the authors in [2] introduced and investigated the
notion of approximate duals for fusion frames to obtain some characteriza-
tions of dual fusion frames. Indeed, a Bessel fusion sequence {(Vi, υi)}i∈I is
called an approximate dual of a fusion frame W = {(Wi, ωi)}i∈I if ‖f −∑
i∈I ωiνipiViS
−1
W piWif‖ < 1, for every f ∈ H, see [2, 13, 14, 15] for more
details on dual and approximate dual fusion frames.
Recently, Bemrose et al. [5] have introduced the notion of weaving
Hilbert space frames due to some new problems arising in distributed sig-
nal processing and wireless sensor networks. In the sequel, we state some
preliminaries of weaving frames that are used in our main results.
Definition 1.1. A finite family of frames {φij}
M
j=1,i∈I in Hilbert space H is
said to be woven if there are universal constants A and B so that for every
partition {σj}
M
j=1 of I, the family {φij}
M
j=1,i∈σj
is a frame for H with bounds
A and B, respectively. Each family {φij}
M
j=1,i∈σj is called a weaving.
Moreover the family {φij}
M
j=1,i∈I is called weakly woven if for every
partition {σj}
M
j=1 of I, the family {φij}
M
j=1,i∈σj
is a frame for H.
Theorem 1.2. [5] given two frames {ϕi}i∈I and {ψi}i∈I for H, the following
are equivalent:
(i) The two frames are woven.
(ii) The two frames are weakly woven.
Proposition 1.3. Let ϕ = {ϕi}i∈I be a frame and U be an invertible operator
satisfying ‖IH − U‖ <
Aϕ
Bϕ
. Then ϕ and Uϕ are woven.
For more details on weaving frames and some generalization of weaving
frame theory see [5, 8, 10, 11, 20]. In this note, we present several approaches
for identifying and constructing of weaving fusion frames in terms of local
frames, bounded operators in Hilbert spaces and specially dual fusion frames.
Moreover, we give some new results on fusion frames and weaving fusion
frames under operator perturbations.
Throughout the paper, we suppose H is a separable Hilbert space, I a
countable index set and IH is the identity operator on H. For every σ ⊂ I,
we show the complement of σ by σc. Also, we use of [n] to denote the set
{1, 2, ..., n}. For two Hilbert spaces H1 and H2 we denote by B(H1,H2)
the collection of all bounded linear operators between H1 and H2, and we
abbreviate B(H,H) by B(H). Moreover, we denote the range of T ∈ B(H)
by R(T ), the null space of T by N(T ) and the orthogonal projection of H
onto a closed subspace V ⊆ H by piV .
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2. Weaving fusion frames
In this section, we survey the notion of weaving Hilbert space fusion frames.
Also, we obtain some approaches for constructing of weaving fusion frames
and Riesz fusion bases in terms of local frames and dual fusion frames. As a
result we show that Riesz fusion bases are woven with all of their duals.
Definition 2.1. A finite family of fusion frames {(Wij , ωij)}
M
j=1,i∈I in Hilbert
spaceH is said to be woven if there are universal constants C andD so that for
every partition {σj}
M
j=1 of I, the family {(Wij , ωij)}
M
j=1,i∈σj
is a fusion frame
for H with bounds C and D, respectively. Each family {(Wij , ωij)}
M
j=1,i∈σj
is called a weaving.
Also, the family {(Wij , ωij)}
M
j=1,i∈I is called weakly woven if for every
partition {σj}
M
j=1 of I, the family {(Wij , ωij)}
M
j=1,i∈σj
is a fusion frame for
H. Clearly, for two fusion frameW and V every weaving {(Wij , ωij)}
M
j=1,i∈σj
is a Bessel fusion sequence with Bessel bound
∑
j∈[n]DWj .
The following lemma, which gives a necessary and sufficient condition
for weaving fusion frames in terms of local frames.
Lemma 2.2. For every j ∈ [n], suppose Wj = {(Wij , ωij)}i∈I is a fusion
frame for H. Also, let {fij,k}k∈Kij be respective local frames of Wij . Then
the following conditions are equivalent;
(i) The family {Wj : j ∈ [n]} are woven.
(ii) The family ∪j∈[n]{ωijfij ,k}k∈Kij ,i∈σj is a frame for H.
Proof. ConsiderAij andBij as the lower and upper frame bounds of {fij,k}k∈Kij ,
respectively. Then for any partition σ = {σj}j∈[n] of I we have that
A := inf{Aij ; j ∈ [n], i ∈ σj} ≥ min{inf{Aij}i∈I , j ∈ [n]} > 0,
and
B := sup{Bij ; j ∈ [n], i ∈ σj} ≤ max{sup{Bij}i∈I , j ∈ [n]} <∞.
Hence, for every weaving ∪j∈[n]{(Wij , ωij)}i∈σj the sequences
{hij ,k}k =


{fi1,k}k∈Ki1 i ∈ σ1,
{fi2,k}k∈Ki2 i ∈ σ2,
.
.
.
{fin,k}k∈Kin i ∈ σn,
are local frames. Thus, applying Theorem 3.2 of [6], ∪j∈[n]{(Wij , ωij)}i∈σj is
a fusion frame if and only if ∪j∈[n]{ωijfij ,k}k∈Kij ,i∈σj is a frame for H. This
follows the desired result. 
The next theorem is proved by a similar approach to Theorem 1.2 and
is useful in some of our main result..
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Theorem 2.3. Suppose W = {(Wi, ωi)}i∈I and V = {(Vi, νi)}i∈I are two
fusion frames for H, the following are equivalent;
(i) The two fusion frames W and V are woven.
(ii) The two fusion frames W and V are weakly woven.
Applying Lemma 2.2 we obtain the following extension of Theorem 5.2
in [5] for Riesz fusion bases.
Theorem 2.4. Let {Wi}i∈I and {Vi}i∈I be fusion Riesz bases for H so that
for every σ ⊂ I, the family {Wi}i∈σ ∪ {Vi}i∈σc is a fusion Riesz sequence.
Then for every σ ⊂ I the family {Wi}i∈σ ∪ {Vi}i∈σc is a fusion Riesz basis
for H.
Proof. Suppose {ei,j}j∈Ji and {ui,j}j∈Ki are respective orthonormal bases of
Wi and Vi, for all i ∈ I. Then {ei,j}j∈Ji,i∈I and {ui,j}j∈Ki,i∈I are Riesz bases
for H, see [6]. Moreover, the family {ei,j}j∈Ji,i∈σ ∪ {ui,j}j∈Ki,i∈σc is Riesz
sequence, for every σ ⊂ I. More precisely, let Cσ and Dσ be Riesz sequence
bounds of {Wi}i∈σ∪{Vi}i∈σc , respectively and {ci,j}j∈Ji,i∈σ∪{di,j}j∈Ki,i∈σc
be a sequence in l2. Then we obtain
Cσ

∑
i∈σ
∑
j∈Ji
|ci,j |
2 +
∑
i∈σc
∑
j∈Ki
|di,j |
2


= Cσ

∑
i∈σ
∥∥∥∥∥∥
∑
j∈Ji
ci,jei,j
∥∥∥∥∥∥
2
+
∑
i∈σc
∥∥∥∥∥∥
∑
j∈Ki
di,jui,j
∥∥∥∥∥∥
2


≤
∥∥∥∥∥∥
∑
i∈σ
∑
j∈Ji
ci,jei,j +
∑
i∈σc
∑
j∈Ki
di,jui,j
∥∥∥∥∥∥
2
≤ Dσ

∑
i∈σ
∥∥∥∥∥∥
∑
j∈Ji
ci,jei,j
∥∥∥∥∥∥
2
+
∑
i∈σc
∥∥∥∥∥∥
∑
j∈Ki
di,jui,j
∥∥∥∥∥∥
2


= Dσ

∑
i∈σ
∑
j∈Ji
|ci,j |
2 +
∑
i∈σc
∑
j∈Ki
|di,j |
2


Hence, by a similar approach to Lemma 5.1 and Theorem 5.2 of [5] one can
check that the family {ei,j}j∈Ji,i∈σ ∪ {ui,j}j∈Ki,i∈σc is actually a Riesz basis
and consequently {Wi}i∈σ∪{Vi}i∈σc is a fusion Riesz basis for H, by Lemma
2.2. 
The next result is also proved by Lemma 2.2 and with a similar approach
to Theorem 5.3 of [5].
Proposition 2.5. Let {Wi}i∈I and {Vi}i∈I be fusion Riesz bases and there is a
uniform constant A > 0 so that for every σ ⊂ I the family {Wi}i∈σ∪{Vi}i∈σc
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is a fusion frame with lower bound A. Then for every σ ⊂ I the family
{Wi}i∈σ ∪ {Vi}i∈σc is a fusion Riesz basis for H.
Remark 2.6. It is worth to note that unlike discrete Riesz bases, see Theorem
5.4 of [5], if W = {Wi}i∈I is a fusion Riesz basis and V = {(Vi, νi)}i∈I is a
fusion frame for H so that W and V are woven. Then V is not necessary a
fusion Riesz basis for H. Indeed, Suppose
W1 = span{(1, 0, 0)}, W2 = span{(0, 1, 0)}, W3 = span{(0, 0, 1)}.
and
V1 = span{(1, 0, 0), (0, 1, 0)}, V2 = span{(0, 1, 0)}, V3 = span{(0, 0, 1)}.
Then W = {Wi}
3
i=1 is a fusion Riesz basis of R
3 which is woven with V =
{Vi}
3
i=1, while V is not fusion Riesz basis.
Theorem 2.7. Let W = {Wi}i∈I be a fusion Riesz basis for H. Then there
exists a fusion Riesz basis {Vi}i∈I so that Wi ⊥ Vj , for all i 6= j. Moreover,
for every σ ⊂ I the family {Wi}i∈σ ∪ {Vi}i∈σc is a fusion Riesz basis for H,
i.e., W and V are woven.
Proof. Since W is a fusion Riesz basis so there is an invertible operator
U ∈ B(H) and an orthonormal fusion basis {Ni}i∈I so that Wi = UNi, for
all i ∈ I, see [4]. Consider Vi = (U
−1)∗Ni then V = {Vi}i∈I is also a fusion
Riesz basis and Wi ⊥ Vj , for all i 6= j. Indeed
〈Uf, (U−1)∗g〉 = 〈f, g〉 = 0,
for every f ∈ Ni and g ∈ Nj . Moreover, for every σ ⊂ I, {Ufi} ∈
∑
i∈I ⊕Wi
and {(U−1)∗gi} ∈
∑
i∈I ⊕Vi we obtain∥∥∥∥∥
∑
i∈σ
Ufi +
∑
i∈σc
(U−1)∗gi
∥∥∥∥∥
2
=
∥∥∥∥∥
∑
i∈σ
Ufi
∥∥∥∥∥
2
+
∥∥∥∥∥
∑
i∈σc
(U−1)∗gi
∥∥∥∥∥
2
+ 2Re
〈∑
i∈σ
Ufi,
∑
i∈σc
(U−1)∗gi
〉
=
∥∥∥∥∥
∑
i∈σ
Ufi
∥∥∥∥∥
2
+
∥∥∥∥∥
∑
i∈σc
(U−1)∗gi
∥∥∥∥∥
2
≥ ‖U−1‖−2
∑
i∈σ
‖fi‖
2 + ‖U‖2
∑
i∈σ
‖gi‖
2
≥ β
(∑
i∈σ
‖fi‖
2 +
∑
i∈σ
‖gi‖
2
)
where β = min{‖U−1‖−2, ‖U‖2}. Hence, the family {Wi}i∈σ ∪ {Vi}i∈σc is a
fusion Riesz sequence. It is sufficient to show that {UNi}i∈σ∪{(U
−1)∗Ni}i∈σc
is a complete family in H, for every σ ⊆ I. For this, suppose that there
exists σ ⊆ I so that
(
span{UNi}i∈σ ∪ {(U
−1)∗Ni}i∈σc
)⊥
6= 0. Thus, there is
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0 6= f ∈
(
span{UNi}i∈σ ∪ {(U
−1)∗Ni}i∈σc
)⊥
. On the other hand, there is a
unique sequence {ϕi} ∈ ⊕Ni so that f =
∑
i∈I Uϕi and so
0 =
〈
f,
∑
i∈σ
Uϕi +
∑
i∈σc
(U−1)∗ϕi
〉
=
〈∑
i∈σ
Uϕi +
∑
i∈σc
Uϕi,
∑
i∈σ
Uϕi +
∑
i∈σc
(U−1)∗ϕi
〉
=
∥∥∥∥∥
∑
i∈σ
Uϕi
∥∥∥∥∥
2
+
∥∥∥∥∥
∑
i∈σc
ϕi
∥∥∥∥∥
2
.
Hence,
f =
∑
i∈I
Uϕi =
∑
i∈σc
Uϕi = U
∑
i∈σc
ϕi = 0.
This completes the proof. 
The authors in [2] showed that fusion Riesz bases unlike discrete Riesz
bases have infinite many dual fusion frames. In the following theorem we
prove that fusion Riesz bases are woven with all of their duals.
Theorem 2.8. Let V = {(Vi, ωi)}i∈I be every dual of a fusion Riesz basis
W = {(Wi, ωi)}i∈I in H. Then W and V are woven.
Proof. First, we show that W is woven with its canonical dual. For this, sup-
pose {fi}i∈I and {S
−1
W gi}i∈I are two sequences in
∑
i∈I ⊕Wi and
∑
i∈I ⊕S
−1
W Wi,
respectively. Also, let σ ⊂ I then∥∥∥∥∥
∑
i∈σ
ωifi +
∑
i∈σc
ωiS
−1
W gi
∥∥∥∥∥
2
=
∥∥∥∥∥
∑
i∈σ
ωifi
∥∥∥∥∥
2
+
∥∥∥∥∥
∑
i∈σc
ωiS
−1
W gi
∥∥∥∥∥
2
+ 2Re
〈∑
i∈σ
ωifi,
∑
i∈σc
ωiS
−1
W gi
〉
=
∥∥∥∥∥
∑
i∈σ
ωifi
∥∥∥∥∥
2
+
∥∥∥∥∥
∑
i∈σc
ωiS
−1
W gi
∥∥∥∥∥
2
≥ ασ
∑
i∈σ
‖fi‖
2
+ α
′
σ
∑
i∈σc
∥∥S−1W gi∥∥2
≥ βσ
(∑
i∈σ
‖fi‖
2
+
∑
i∈σc
∥∥S−1W gi∥∥2
)
,
where ασ, α
′
σ are the respective lower Riesz bounds of {(Wi, ωi)}i∈σ and
{(S−1W Wi, ωi)}i∈σc , and βσ = min
{
ασ, α
′
σ
}
. This implies that , {Wi}i∈σ ∪
{S−1W Wi}i∈σc is a fusion Riesz sequence. Now, suppose that f ∈ H so that
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f ⊥ {Wi}i∈σ ∪ {S
−1
W Wi}i∈σc then
‖f‖2 = 〈f, f〉 =
〈
f,
∑
i∈I
ωiS
−1
W piWif
〉
=
〈
f,
∑
i∈σ
ωiS
−1
W piWif
〉
+
∑
i∈σc
〈
piS−1
W
Wi
f, ωiS
−1
W piWif
〉
= 0.
Hence, {Wi}i∈σ∪{S
−1
W Wi}i∈σc is a complete sequence for all σ ⊆ I. Thus,W
and S−1W W are weakly woven and so are woven with a universal lower bound
C by Theorem 2.3. Now, let V = {(Vi, ωi)}i∈I be a dual fusion frame of W .
Then for all i ∈ I we have S−1W Wi ⊂ Vi, by Corollary 2.6 of [2]. So,
H = span{Wi}i∈σ ∪ {S
−1
W Wi}i∈σc ⊆ span{Wi}i∈σ ∪ {Vi}i∈σc ,
for every σ ⊆ I. Moreover,∑
i∈σ
ω2i ‖piWif‖
2 +
∑
i∈σc
ω2i ‖piVif‖
2
≥
∑
i∈σ
ω2i ‖piWif‖
2 +
∑
i∈σc
ω2i ‖piS−1
W
Wi
f‖2 ≥ C‖f‖2.
Thus, W and V are woven, as desired. 
Applying the above theorem and with the aid of Theorem 2.5 of [2] we
immediately obtain the next result.
Corollary 2.9. Let W = {(Wi, ωi)}i∈I be a fusion Riesz basis for H and
V = {(Vi, ωi)}i∈I be an approximate dual fusion frame of W . Then W and
{(ψ−1vwVi, ωi)}i∈I are woven, in which ψvw =
∑
i∈I ω
2
i piViS
−1
W piWi .
Example 2.10. Consider
W1 = R
2 × {0}, W2 = span{(0, 0, 1)}.
Then W = {Wi}
2
i=1 is a fusion Riesz basis of R
3. Also, let
V1 = R
2 × {0}, V2 = span{(0, 1/2, 1)}.
Since ‖IR3 − ψvw‖ < 1 so V = {Vi}
2
i=1 is an approximate dual fusion frame
of W . A straightforward computation shows that
ψ−1vw =

 1 0 00 1 0
0 − 1/2 5/4

 .
Therefore,
ψ−1vwV1 = span{(1, 0, 0), (0, 1,−1/2)}, ψ
−1
vwV2 = span{(0, 1/2, 1)},
and consequently W is woven with {ψ−1vwVi}
2
i=1, by Corollary 2.9.
The next result, gives a sufficient condition, under which a fusion frame
and its dual are woven. The proof is similar to Theorem 2.8 so we regardless
of the proof only state the result.
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Corollary 2.11. Let W = {(Wi, ωi)}i∈I be a fusion frame for H and V =
{(Vi, ωi)}i∈I be a dual fusion frame of W so that {Wi}i∈σ ∪ {Vi}i∈σc is a
fusion frame sequence for all σ ⊂ I. Then W and V are woven.
3. Weaving fusion frames and operator perturbations
Linear perturbation of fusion frames, that is obtaining some conditions on
a fusion frame W = {(Wi, ωi)}i∈I and a linear operator T ∈ B(H) so that
{(TWi, ωi)}i∈I constitutes a fusion frame for H or T (H), is one of striking
problems in fusion frame setting. Some results in this issue can be found in
[3, 13, 17, 19]. In this section, we obtain some new results on fusion frames
and weaving fusion frames under operator perturbations. To this end, we
need to the notion of Friedrichs angle between two closed subspaces, reduced
minimum modulus of bounded linear operators and some basic results.
Definition 3.1. Given two closed subspaces M and N of a Hilbert space H,
the angle between M and N is the angle in [0, pi/2] whose cosine is defined
by
c(M,N) = sup{|〈x, y〉| : x ∈M ⊖N, y ∈ N ⊖M, ‖x‖ = ‖y‖ = 1}.
Also, for an operator T ∈ B(H) its reduced minimum modulus is defined
by
γ(T ) = inf{‖Tx‖ : ‖x‖ = 1, x ∈ N(T )⊥}.
It is well known that γ(T ) > 0 if and only if T is a closed range operator
and in this case γ(T ) = γ(T ∗) = γ(T ∗T )1/2 = ‖T †‖−1, where T † is the
Moore-Penrose pseudoinverse [12]. The next result determines an important
connection between angles and reduced minimum modulus of closed range
operators.
Proposition 3.2. [1] Suppose T ∈ B(H) is a closed range operator and V is
a closed subspace of H. Also, let c := c(N(T ), V ) < 1. Then
γ(T )(1− c2)1/2 ≤ γ(TpiV ) ≤ ‖T ‖(1− c
2)1/2.
Lemma 3.3. [13] Let H be a Hilbert spaces and T ∈ B(H). Also, let V be a
closed subspace of H. Then
piV T
∗ = piV T
∗piTV .
Now, we are ready to state a necessary and sufficient condition, under
which image of a bounded operator on a given family of closed subspaces is
a fusion frame for H.
Theorem 3.4. Let {Wi}i∈I be a family of closed subspaces in H, {ωi}i∈I
a family of weights and T ∈ B(H) be a closed range operator. Then the
following conditions are equivalent;
(i) The family {(T †TWi, ωi)}i∈I is a fusion frame for R(T
∗).
(ii) The family {(TWi, ωi)}i∈I is a fusion frame for H.
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Proof. First note that T †TWi is a closed subspace of R(T
∗), for all i ∈ I.
Moreover, for every f ∈ N(T ) and gi ∈ T
†TWi we obtain
|〈f, gi〉| = |〈f, piR(T∗)gi〉| = |〈piR(T∗)f, gi〉| = 0,
and so c(N(T ), T †TWi) = 0. Hence, by Proposition 3.2
γ(piT †TWiT
∗) = γ(TpiT †TWi) ≥ γ(T ) > 0,
for all i ∈ I, which implies that γ := infi∈I γ(piT †TWiT
∗) > 0. Now, suppose
f ∈ H then by using Lemma 3.3∑
i∈I
ω2i ‖piT †TWiT
∗f‖2 =
∑
i∈I
ω2i ‖piT †TWiT
∗piTWif‖
2
≥
∑
i∈I
ω2i (γ(piT †TWiT
∗)2‖piTWif‖
2
≥ γ2
∑
i∈I
ω2i ‖piTWif‖
2,
where the first inequality comes from the fact that piTWif ∈ N(piT †TWiT
∗)⊥,
for all i ∈ I. More precisely, if g ∈ N(piT †TWiT
∗) then T ∗g ∈ (piR(T∗)Wi)
⊥
and so for every gi ∈Wi
0 = 〈T ∗g, piR(T∗)gi〉 = 〈T
∗g, gi〉 = 〈g, T gi〉.
This implies that, for every g ∈ N(piT †TWiT
∗) and f ∈ H we have that
〈piTWif, g〉 = 0. Moreover, note that TWi = TWi is due to γ(TpiT †TWi) > 0,
for all i ∈ I. On the other hand,∑
i∈I
ω2i ‖piT †TWiT
∗f‖2 =
∑
i∈I
ω2i ‖piT †TWiT
∗piTWif‖
2
≤ ‖T ‖2
∑
i∈I
ω2i ‖piTWif‖
2.
Thus, {(T †TWi, ωi)}i∈I is a fusion frame forR(T
∗) if and only if {(TWi, ωi)}i∈I
is a fusion frame for H. 
The following corollary is an immediate result of Theorem 3.4.
Corollary 3.5. Suppose {Wi}i∈I is a family of closed subspaces in H, {ωi}i∈I
a family of weights and T ∈ B(H) is a one to one and closed range operator.
Then {(Wi, ωi)}i∈I is a fusion frame for H if and only if {(TWi, ωi)}i∈I is
a fusion frame for H.
Proposition 3.6. For an invertible operator T on H and a family of woven
fusion frames {(Wij , ωij)}
M
j=1,i∈I with universal bounds C and D, the family
{(TWij , ωij)}
M
j=1,i∈I is also woven with universal bounds
C
‖T−1‖2‖T ‖2
and
D‖T−1‖2‖T ‖2.
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Proof. Suppose T is an invertible operator andW a fusion frame with bounds
C and D then it is known that TW is also a fusion frame for H with
bounds
C
‖T−1‖2‖T ‖2
and D‖T−1‖2‖T ‖2, see [7]. Now, since for every parti-
tion {σj}
M
j=1 of I the sequence {(Wij , ωij)}
M
j=1,i∈σj is a fusion frame for H
with universal bounds C and D, so the family {(TWij , ωij)}
M
j=1,i∈σj is also a
fusion frame for H with the given bounds. 
The above proposition is an extension of Proposition 11 of [8], however
unlike discrete frames the operator T can not be changed by a closed range
or even onto linear operator. Indeed, in fusion frames onto operators may not
preserve Besselian property, see [19] for more details. In the next theorem
we present some sufficient conditions under which a fusion frame and its
perturbed by a bounded invertible operator constitute woven fusion frames.
Theorem 3.7. Let W = {(Wi, ωi)}i∈I be a fusion frames for H with respective
bounds CW and DW , also let T ∈ B(H) be an invertible operator. Then the
following hold;
(i) If either Wi ⊂ TWi or TWi ⊂ Wi, then W and TW = {(TWi, ωi)}i∈I
are woven.
(ii) If Wi ⊂ T
∗TWi and ‖IH − T
−1‖ <
CW
DW
, then W and TW are woven.
(iii) If T is a unitary operator so that TSσ − SσT is a positive operator,
for every σ ⊂ I. Then W and TW are woven, in which Sσ denotes the
fusion frame operator of W on the index set σ ⊂ I.
Proof. First, we note that since T is an invertible operator, so TW is a fusion
frame for H. To prove (i) note that if Wi ⊂ TWi, then
‖f‖2(DW +DTW ) ≥
∑
i∈σ
ω2i ‖piWif‖
2 +
∑
i∈σc
ω2i ‖piTWif‖
2
≥
∑
i∈σ
ω2i ‖piWif‖
2 +
∑
i∈σc
ω2i ‖piWif‖
2
≥ CW ‖f‖
2.
The case TWi ⊂ Wi can be proved similarly. In order to show (ii) suppose
{ei,j}j∈Ji is an orthonormal basis of Wi, for all i ∈ I. Then {ωiei,j}j∈Ji,i∈I
is a frame for H with respective bounds CW and DW , [6]. Moreover, by the
assumption the sequences {(T ∗)−1ei,j}j∈Ji constitute local frames of TW and
so by Proposition 1.3 {ωiei,j}j∈Ji,i∈I and {ωi(T
∗)−1ei,j}j∈Ji,i∈I are woven.
Thus, the result follows using Lemma 2.2. For proving (iii), we note that since
T is a unitary operator so the fusion frame operator of TW is TSWT
∗, see [13].
Hence, for every σ ⊂ I and the weaving V = {(Wi, ωi)}i∈σ ∪ {(TWi, ωi)}i∈σc
we obtain
SV = Sσ + TSσcT
∗
= SW − Sσc + TSσcT
∗
≥ SW .
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Thus SV ≥ SW and this implies that T
∗
V is an injective operator, i.e., V is a
fusion frame, which follows the result. 
References
1. Antezana, J., Corach, G., Stojanoff, D. and Ruiz, M., Weighted projections and
Riesz frames, Lin. Alg. Appl. 402, 367-389, 2005.
2. Arefijamaal, A. and Arabyani Neyshaburi, F., Some properties of dual and
approximate dual of fusion frames, Turkish J. Math. 41, 1191-1203, 2017.
3. Asgari, M. S., New characterizations of fusion frames (frames of subspaces),
Proc. Indian Acad. Sci. Math. Sci . 119(3), 369–382, 2009.
4. Asgari, M. S., On the Riesz fusion bases in Hilbert spaces, J. Egyption Math.
Soc. 21(2), 79-86, 2013.
5. Bemrose, T., Casazza, P. G., Grochenig., Lammers, M. C. and Lynch, R. G.
Weaving Hilbert space frames, Operators and Matrices. 10(4), 1093-1116, 2016.
6. Casazza, P. G. and Kutyniok, G. frames of subspaces, Contemp. Math. 345,
87-114, 2004.
7. Casazza, P. G., Kutyniok, G. and Li, S. Fusion frames and distributed process-
ing, Appl. Comput. Harmon. Anal. 25 (1), 114-132, 2008.
8. Casazza, P. G., Lynch, R. G., Weaving properties of Hilbert space frames, In:
Proceedings of the SampTA. 110-114, 2015.
9. Christensen, O. frames and Bases: An Introductory Course, Birkha¨user, Boston.
2008.
10. Deepshikha., Vashisht, L. K., Verma, G., Generalized weaving frames for oper-
ators in Hilbert spaces, Result. Math. to appear.
11. Deepshikha., Garg, S., Vashisht, L. K., Verma, G., On weaving fusion frames
for Hilbert spaces, Proc. SampTA., 381-385, 2017.
12. Ding, J., On the perturbation of the reduced minimum modulus of bounded
linear operators, Appl. math. Comput, 140, 69-75, 2003.
13. Ga˘vrut¸a, P. On the duality of fusion frames, J. Math. Anal. Appl. 333 (2),
871-879, 2007.
14. Heineken, S. B., Morillas, P. M., Properties of finite dual fusion frames, Linear
Algebra Appl. 453 (2014), 1-27.
15. Heineken, S. B., Morillas, P. M., Benavente, A. M., and Zakowicz, M. I., Dual
fusion frames, Arch. Math. 103 (2014), 355-365.
16. Iyengar, S. S., Brooks, Eds, R. R., Distributed sensor networks, Chapman,
Boston Rouge, La, USA, 2005.
17. Li, X. B., Yang, S. Z., and Zhu, Y. C., Some results about operator perturbation
of fusion frames in Hilbert spaces, J. Math. Anal. Appl. 421, 1417–1427, 2014.
18. Rozell, C. J., Jahnson, D. H. , Analysing the robustness of redundant population
codes in sensory and feature extraction systems, Nurocomputing. 69 (2006),
1215-1218.
19. Ruiz, M. A. and Stojanoff, D. Some properties of frames of subspaces obtained
by operator theory methods, J. Math. Anal. Appl. 343, 366-378, 2008.
20. Vashisht, L. K., Deepshikha., Garg, S., Daus, P. K., On genralized weaving
frames of Hilbert spaces, Rocky Mountain J. Math, to appear.
Weaving Hilbert space fusion frames 13
Fahimeh Arabyani Neyshaburi
Department of Mathematics and Computer Sciences, Hakim Sabzevari University,
Sabzevar, Iran.
e-mail: fahimeh.arabyani@gmail.com
Ali Akbar Arefijamaal
Department of Mathematics and Computer Sciences, Hakim Sabzevari University,
Sabzevar, Iran.
e-mail: arefijamaal@hsu.ac.ir
